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Abstract

This paper considers a sieve estimation of a general functional coefficients models which allow func-
tional coefficients to depend on different set of covariates and the criterion function to be continuous but
not ncessarily continuously differentiable. Under some sufficient conditions, we show that the sieve esti-
mator is asymptotically normally distributed. Our results add to the existing literature by providing the
asymptotic distribution for the functional coefficient estimator for the case of nonlinear and nonsmooth

criterion function.

1 Introduction

Parametric regression is often the model of choice for analyzing data. A common assumption in the para-
metric regression literature is that the parameter of interest is finite dimensional and fixed, with the true

value minimizing a population criterion function. An example is the linear regression
y=1a'ag +u, E{u|lz} =0, (1.1)

where the parameter of interest « is finite dimensional and fixed with the true value oy maximizing the
population criterion function E{l(z,a)} = E{—(y — 2’a)?}, where z = (y,x) denotes the data. A second

example is the quantile regression
y=12'ap +¢,Pr(e < 0|z} = 0.5, (1.2)

where the parameter of interest « is finite dimensional and fixed, with the true value oy maximizing the
population criterion function E{l(z,a)} = E{—|y — 2’a|}. A third example is the popular binary regression
model

y =z ap+u}l,u~ N(0,1), (1.3)

where the parameter of interest « is finite dimensional and fixed, with the true value oy maximizing the

population criterion function

E{l(z,a)} = E{yIn (®(z'a)) + (1 —y) In (1 — ®(z'a))}.

In all of these and many other regressions, the parameter of interest « is interpreted as the marginal effect of
the regressor = on the index x’a, holding all other factors constant. Thus, the assumption of fixed parameter
« implies that the marginal effect is independent of all other factors. This is quite a strong assumption. In

many applications, the marginal effect may depend on some or all of those "other factors". Recognizing this



limitation of the parametric regression, Hastie and Tibshirani (1991), Cai, Fan and Yao (2000), and Cai,
Fan and Li (2000) and many others generalize the parametric regression by allowing the whole or part of
the parameter to be unknown functions of some underlying covariates. They call this generalization as the
functional coefficients model. It is easy to see that this generalizaion includes the popular partially linear

regression model as a special case.

The generalization, though useful, presents a challenge of estimating unknown functions from the finite
data points. Perhaps because of this challenge, the generalization has become increasingly popular among
theorists. However, the existing literature focuses almost exclusively on the linear regressions (e.g., ....), with
few exceptions focusing on the nonlinear regressions (e.g., ...) and the linear quantile regressions (e.g.,...).
Most of the existing studies employ the popular local linear regression technique pioneered by Professor Fan
to estimate the functional coefficients, and establish the asymptotic properties of the estimated functional

coeflicients by applying the well-known results of the local linear regression.

The local linear regression approach is convenient if all functional coefficients are functions of the same
set of covariates. In applications, it is quite possible that some coefficients are fixed constants while other
coefliciens are functional coefficients. It is also possible that the functional coefficients may have different
arguments. If we allow for different functional coefficients to depend on different set of arguments, the local
linear regression approach is not convenient for imposing such functional form restrictions. On the other
hand, the sieve method directly imposes the functional form restrictions on the functional coefficients and
allow us to estimate both the fixed coefficients and the functional coefficients jointly. The main objective of
this paper is to apply the sieve method to estimate the functional coefficients models and to establish the
asymptotic properties of the sieve estimator. Rather than focusing on specific functional coefficients models,

the paper studies a general criterion function {(z, o) and presents a unified asymptotic theory.

The paper is organized as follows: Section 2 presents the sieve estimation for a general functional coeffi-
cients model, Section 3 derives some large sample properties of the proposed estimator including consistency
and asympptotic distributions, Section 4 presents consistent covariance matrices for the proposed estimator,
Section 5 presents some simulation results, followed by concluding remarks in Section 6. All technical proofs

are relegated to the appendix.

2 Sieve Estimation

Let z denote the observed data, and let I(z,«) denote a known criterion function that is continuous and is
differentiable in the model parameter o € A with probability one. The true value cg € A maximizes the pop-
ulation criterion function E{l(z, )}, where the expectation is taken with respect to the true distribution of z.
We shall assume that « contains a fixed component 6 and a functional component h = (hy(x1), ..., hm(Tm)),
where for all j = 1,2,...,m, hj(x;) € H; is a function defined over X; and x; is a subset of z. The arguments
x; for all j may contain common variables, but they are not required to be the same. The true value of
the fixed coefficient 0 is assumed to be an interior point of some compact set ©, and the true value of the
functional coefficient hg = (h19(21), ..., Amo(Zm)) is assumed to be an interior point of some functional space
H ="Hi X -+ X Hy, defined over X = &} x - - - X X}, and endowed with norm ||-|| ;. In applications, |-||

is either the sup-norm or the Ly-norm.

The sieve method approximates the functional coefficient with finite dimensional series approximation.

Specifically, for any j, let {p;1(x;), pj2(x;), ....} denote a series of known basis functions that can approximate



any functions in H; arbitrarily well. Common basis functions include polynomial series, Fourier series, and

splines. For some finite integer k;, let

Pii; (25) = (pj1(25), pi2(25), s Dji; (25))
denote the approximating basis functions, and let M., = {Pjx,(z;)'n; € H;} denote the approximating
space for H;. Then, for the commonly used sieves, we have

sup _inf  sup |hj(z;) — hi(z;)| = O(k;

s
~ ¥ J)? (21)
hjEHj hjeijj Z‘jEXl

where the exponent p; is a fixed constant that is inversely related to the dimension of x; and positively
related to the degree of differentiability of the functions. Denote the sieve space as Ap = © x Hy, with
Hi = Hik, X -+ X Hmg,, and k = k1 + ... + k. The sieve space is a compact and finite dimensional
parameter space, though the dimension (k + dim(0)) shall be allowed to grow with the sample size to obtain

consistency of the sieve estimator.

Let {z,7 = 1,2,..., N} denote a sample of observations on z. Denote sample observations on z; by
zji,t =1,2,...,N. The proposed estimator for the model parameter is defined as the solution:

N

Z Z(Z“ 0, Plk:1 (Jili)lﬂ'l, ceey Pmkm (CL‘mi)lﬂ'm). (22)

(0,71, ..., ) = arg max
06®,ijj (x)/ﬂjE'ijj,,j:1,2,...,m P

The sieve estimator of the functional coefficient is ﬁj (z;) = Pjx,(x;)'7j,5 = 1,2,...,m and the parameter of

interest is o = (§,ﬁl(x1), ...,Em(xm)).

3 Asymptotic properties

We derive the large sample properties of the proposed estimator for the independent and identically distrib-
uted samples by applying and extending the techniques developed in Shen (1997) and Ai and Chen (2003).
Extensions of our results to weakly dependent and identically distributed samples can be obtained by apply-
ing the technique developed in Chen and Shen (1998). Throughout the derivation, we will use the following

partially additive quantile regression:
y =00+ hio(x1) + hoo(z2) + 6,2 = (z1,22)7,Pr(e < 0]z} = 0.5

as an illustrative example. For this example, identification requires that z; and xo are mutually exclusive
and that E{hy(z1)} = E{ha(z2)} = 0. With h(z) = (hi(z1), ha(z2))7, it is easy to show that the sup-norm
is equivalent to

17l = sup [hi(z1) + ha(z2)].

Z1,T2
Moreover, assuming that the support of z is compact and that the joint density function of z is bounded
and bounded away from zero and h(z) is continuous in x, then ||h||; is equivalent to the mean-squared norm
Al = VE{(h1(21) + ha(z2))?}. With o = (6, h(z)")", the pseudo-norm is denoted as:

] = sup |6 + ha(21) + ha(z2))-

T1,T2

With I(z,a) = — |y — 0 — ha(z1) — ha(x2)|, it is easy to show that E{l(z,a0)} > FE{l(z,a)} for any «
satisfying || — al|, # 0.



3.1 Consistency

The consistency of the proposed estimator follows from the following three conditions: (i) the criterion
function identifies the true value; (ii) the series approximation error of the functional component converges
to zero as sample size goes to infinity; and (iii) the sample analogue of the population criterion function

converges to the population criterion function in probability in « uniformly over the sieve space.

Condition (i) is the identification condition which must be verified in applications before applying the
proposed estimation.This condition is stated formally in Appendix as Assumption A.5. Condition (ii) can
be satisfied if the approximating basis functions can approximate any measurable function arbitrarily well
and k; grows with sample sizes (Assumption A.6). Condition (iii) can be established if the criterion function
satisfies an envelope condition (Assumption A.2) and a Lipschitz continuity condition (Assumption A.3) and
restrict the growth of the sieve space (Assumption A.4). Under all these conditions, it follows from Theorem

A.1 that
N

1
N Z I(zi,a) = E{l(z,«)} in probability uniformly over a € Ay.
i=1

Hence, we obtain: ||@ — o, — 0 in probability as N — oco.

The consistency of the proposed estimator under the sup-norm is assuring but not enough for deriving
the asymptotic distribution of the estimator. To derive the asymptotic distribution, we need the convergence
rate which in many applications is hard to compute for the sup-norm. Fortunately, Shen (1997) demonstrates
that we only need the convergence rate of the proposed estimator under a Fisher-like norm. To define this
norm, let z denote the union of z;,j = 1,2, ..., m, and assume that E{l(z, )|z} has up to the second pathwise
derivatives with respect to a. The identification condition ensures that E{a’ x % * a} < 0 unless
a = 0. Denote the Fisher-like norm as
§2E{l(z,00) |2}

o= 0]* = ~E{ (o = o) + 5 ——

* (@ — o)}

In general, we can write
aZE{l(z,oz)\x} Al « B A
“ada = Al@) * Blz,a) x Alz)

for some known matrix function A(x), which does not depend on «, and for some matrix B(z,«). For

instance, for the partially additive quantile regression, we have

/0+h1(I1)+h2(I2)

E{l(z,0)|z} = (y — 0 — hi(w1) — ha(x2)) fo(ylz)dy —

/ (y — 0 — hy(z1) — ha(2)) folylz)dy,
O+hi(x1)+he(z2)

where fo(y|x) denotes the true conditional density of y given z. The parameter enters E{l(z, )|z} through

the index function 6 4 hy(z1) + ha(z2). This index structure gives to

aZE{l(z,a)\;c} _aZE{l(z,a)\x} ]i ]i 1 - 82E{l(z,a)|;c} ( L1 1)
dada’  09? L1 g a ) 06° '

02E{l(z,a)\z} 02E{l(z,o<)\m}

Hence A(z) = ( 111 > and B(z,«a) = 507 597

may be singular but B(z,«) is not. We shall assume that the largest and lowest eignvalues of —B(x, @)

This factorization is useful because



are bounded and bounded away from zero for all  and all a satisfying ||a — al|, = o(1), then [ja — ]| is

equivalent to the mean-squared norm
lor = aoll; = E{(a — ag)"A(z)" A(w)(ar — a)},
which is equivalent to the pseudo-norm
llo- = aoll, = sup |A(z) (e — ao)]

Assume that the third directional derivative of E{l(z,a)|z} in the direction o — oy exists and is bounded
by O(]|a — ozo||§’) for all  and for all « satisfying ||a — a||, = o(1). Then we can easily show that for all «

satisfying [|o — apl|, = o(1) we have
B{i(z,00)} - B{l(z.)} = la = aolP + o [ — aol/".

and Assumption A.7 is satisfied. To illustrate with the partially additive quantile regression again, the third

directional derivative of F{l(z, )|z} in the direction o — arp is

83E{l(z,a)\1‘}

EYE (0 + hi(21) + ha(w2) — 00 — hio(z1) — hao(w2))?,

DSE{l(z,oc)\z}

90° =c

which is bounded by ¢ ||a — aoHi if

Assumption A.8 is satisfied with 0y = N~Y/4 if A(z) is bounded and kj_“j NY4— > 0as N — +oc.
Assumption A.4 and A.9 are satisfied with 6y = N~/ if ﬁg — 400. Applying Theorem A.3, we obtain

[ = aoll = 0, (N~Y%), [[@ — aolly = 0p(N /), and ||a — ao], = 0,(N~H*).

3.2 Asymptotic Distribution

The convergence rate established above allows us to prove the following key result

1 & 1 &
NZl(zi,a)—NZl(zi,ao)
i=1 i=1

N
_ L5 OlEao) 1 _ oy PE{z o)} T
— N; 90’ (a a0)+2E{(a ap) Dadal (a—ag) p + Op(le — ao|?)

for all @ € A satisfying ||a — agl|, = o(N~'/*). Denote

Pik, (1) 0 00 0
() = 0 Dok, (z2) 0 0 0 7
0 0 c e Dk, (Tm)
and
T T 1k
=] ™ and o = Ti2ks ,
Tm Tk



where pjx; (2;)'m;x, denotes the projection of hjo(z;) on pjx, (x;). Under some sufficient conditions, we can

show
R PE{l(z, -t
oo = (p e S )
N
1 ol(z;, O?E{l(z, ~ _
[N > Py T b { ploy o TEEECOIEE G gy 0,122
=1
andgfﬁ():

N
2 z,a0)|T * -1 1 * ol Zi, O —
( E{w*(x)/%w (x)} ) *Nz[w (W%] o (N-1/2),
=1

where w*(z) = (I, wi(z)) solves
O?E{l(z,a0)|7}
/ )
wter ey {w(x) dada’ w(x)} '

Applying a central limit theorem, we obtain v/ N (5 — 0p) is asymptotically normally distributed with mean

zero and covariance given by

Q = ( E{w*(x)'—walagz? = w*(x)} )71 ( E{w*(x)'%gzxﬁlﬂli%lw*(x)} )

1
>|<< E{w*(x)’iawgéng’)‘x}w*(x)} ) .

Therefore,

2 z,qp)|x -
h(z) — ho(z) = P(x)7 — ho(z) = —P(x) (E {P(x)' * % * P(x)}) *

Denote

I(z) = P(z) (E {P(x)' * W % P(x)}) - E {P(x)'al(z’ o) Iz, ) P(x)}

on oW
* (E {P(x)’ X W * P(x)}) - P(z).

Then under conditions similar to those imposed by newey (1997), we have I'(z)*/? (/ﬂ(x) — ho (x)) is asympp-

totically normally distributed with mean zero and identity covariance matrix.
4 Covariance Estimator
To be continued

5 Simulation

To be continued



6 Conclusion

To be continued

APPENDIX A: Useful Convergence Results

First, we prove some uniform convergence results that are useful for deriving the asymptotic properties
of the sieve estimator. Let {z;,¢ = 1,2,..., N} denote a random sam[ple of size N. Let Ay C A denote a
sieve approximating space of A and let ||a||s denote some metric defined over o € A. Let N(e, An, || - ||s)
denote the minimal number of e-radius covering balls of Ay under the metric || - ||s. Let (2, «) denote a

generic measurable function of the data z € Z and the parameter o € A. The sieve estimator is defined as

= arg max Zl Zi, O

aEAN 4

Throughout the appendix, we impose the following conditions:

ASSUMPTION A.1. {z;,i =1,2,..., N} is a sample of observations drawn ndependently from the distri-

bution of z.

ASSUMPTION A.2. There exists a positive function C1(z) satisfying E{C1(2)P} < +oo for some p > 2
and |l(z, )| < C1(2).

ASSUMPTION A.3. For any pair o € Ay and § € Ap, there exist Ca(2) satisfying E{C2(2)} < oo and

a positive constant k such that

iz, @) = U(2,8)] < Ca(2) [l = Bl -

ASSUMPTION A.4. For some positive value d that either equals to one or converges to zero as sample
size N goes to infinity and
N x 62
1 K
I[N (3", Aws [l - [1,)

— 400 and N6% — 400 as N — +oc.

The following uniform convergence result is important for establishing the large sample properties of the

sieve estimator.

THEOREM A.1: Under Assumptions A.1-A.4, we obtain + vazl Uz, ) = E{l(z, )} = 0,(0n) uniformly

over o« € Ay as N — +o0.

PROOF: Let ¢ denote a generic constant which may have different values in different expressions. For

any pair o € Ay and € Ay, Assumption A.3 gives
|e(z,a') —e(z,0%)| < (Ca(2) + E{Ca(2)}) [l — B[S

It follows that

Mz

N
Zcz %) + B{Co(2)}) [l - BII7.

EN(



For arbitrarily small n > 0, there exists a constant ¢ such that

N
Pr (% ;(C’g(zi) + E{Cs(2)}) > c) =1.

For any small € > 0, partition Ay into by mutually exclusive subsets Ayx,,,m = 1,2, -+, by, so that with
a € Ay, and B € Ay, imply ||a — B||7 < edn/c. Then with probability approaching one, we have:
S E(SN.

N Z ziy ) — e(z, B)]

Let o™ denote a fixed point in Ayy,. For any o € A, there exists m such that |a — o™||7 < edn/c. Then,

with probability approaching one,

| &
=N ez,
PILE

a)| < edy + max
m

N
E sz
Hence

X
Za(zi,a)
i=1

N
1
Pr| sup |—= —g ez, a™)| > 2ed
(C’EAN N N= ( ) N)

For some constant ¢ > 0 and M > 0, denote d; = 1{C1(z;) < M}. Denote l1(z;, ) = dil(z;, @),
la(zi, ) = (1 — dy)l(zi, @), e1(zi,0) = Li(zi,) — E{l1(2, )}, and e3(z;, @) = la(z5,) — E{la(z,a)}. We

obtain
> 26(51\[)

> 36(5N> <n+Pr (max
m

%Za(zi,am)

N
1
< P — iy m
r(mn%x N;a‘l(z a™) >66N>
1 n
+Pr (max — ea(zi, @™)| > 6(5N> =P + P
m | N i=1
Applying Markov inequality we obtain
E {maxm % Zf\;l ga(z;, ™) }
P, < .
66]\]
Note that
lea(zi, ™) < (1 —=di)Ci(2:) + E{(1 — d;)C1(2:)}
< (1=di)Ci(z) + VE{(1 — di)}/E{C1(2)?}
Then

{mx Z@%7‘}—

<2/E{1 - dWECON <+

2/
for some constant ¢ as E{(1 — d;)} = Pr(Ci(z) > M) = O(M~P). Set M = (5 < ) ", We obtain

NEn
Py < gy =0

Note that
N

op =N x E{[ Zfl(zmam)]z} = E{e1(zi,0™)%} < B{C1(2)?}

i:l



and |% Zfil e1(zi, &™) < 2M. Applying the Bernstein inequality for independent processes, we obtain:

N
1
Pr(

N Z €1 (Zi, am)

i=1

> 66N> < 2exp (—Ne%0%/(02, + Medy)) .

Hence
Py < 2b, exp (—Ne?63,, /(B{C1(2)*} + Medn)) .

Since Méy = 0(6}\,_2/ ?) — 0 or bounded. For some positive constant ¢, we have

P, < 2byexp(—cNéo%) = 2exp(ln(by) — eNO%)

= 2exp(—cNd&%)exp(l — lcnjifb(%v)) —0
if
NX(;?V: N x Oy — 400 and N§% — +oo0.
In(bn) I[N, Aws |- 119)]
This completes the proof. Q.E.D.

Assumption A.4 implies that the uniform convergence rate established in Theorem A.1 is arbitrarily
close to but always slower than N~!/2 Next, we impose the identification condition and restriction on the

approximation error.

ASSUMPTION A.5. o = argmaxaea E{I(z,a)} if and only if ||a* — ag||, = 0.

ASSUMPTION A.6. For any o € A, there exists IIyo € Ay satisfying |IIyo—af|, — 0 as N — +o0.
These and Theorem A.1 imply the following consistency result:

THEOREM A.2: Under Assumptions A.1-A.6, we obtain ||[& — ag||, = 0p(1) as N — +o0.

The consistency result of Theorem A.2 is useful but not enough for establishing the asymptotic distrib-
ution of the sieve estimator. To establish the asymptotic distribution, we need convergence rates. However,
under the pseudo norm ||-||,, obtaining a convergence rate for the sieve estimator may not be possible. In
the following, we will compute the convergence rate for a norm ||-|| that is locally equivalent to the criterion

function:
ASSUMPTION A.7. There exist some positive constants c¢1 < co such that
o1 lla = aol|* < E{l(z, a0)} = E{l(z, @)} < ¢ o — ax
holds for any « satisfying || — ]|, = o(1).

Assumption A.3 implies that the norm ||-|| is generally weaker than the pseudo norm |||, except for some
special cases where the two norms are equivalent. Within the neighborhood of c defined by ||a — aql|, =
o(1), we shall impose some additional conditions on the size of the sieve space and the sieve approximation

errors.
ASSUMPTION A.8. |liya — a|| = o(dn) holds uniformly over any « satisfying ||o — aol|, = o(1).
ASSUMPTION A.9. With k = dim(Ay), In[N(e¥/*, An, || - ||s)] = O(k1In(L))

Notice that all conditions of Theorem 1 of Shen and Wong (1994, pp.583) are trivially satisfied. Applying

that theorem, we obtain:



THEOREM A.3: Under Assumptions A.1-A.9, we obtain ||& — ao|| = 0,(0n) as N — 4oc.

APPENDIX B: Asymptotic Distributions

To be continued
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